Complexity of Zero-dimensional Gröbner Bases by Hashemi, Amir & Lazard, Daniel
HAL Id: inria-00070348
https://hal.inria.fr/inria-00070348
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Complexity of Zero-dimensional Gröbner Bases
Amir Hashemi, Daniel Lazard
To cite this version:
Amir Hashemi, Daniel Lazard. Complexity of Zero-dimensional Gröbner Bases. [Research Report]









   



















ap por t  
de  r ech er ch e 
Thème SYM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Complexity of Zero–dimensional Gröbner Bases
Amir Hashemi — Daniel Lazard
N° 5660
August 2005
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 












































































































,Ã a Á !- 





	© ¬  ¯ r§>° 	
°	 

























































RerQerRhxrf[!·-NOmh[RS!xrQ[p]_OQxz]h]|Omhk[}!xr[_Sr>ªQ°«~¬­J®>¯i°|±g© ª:²©	p®m¬z¯ ² >¬z­d© z¯¶©ªm°
­ 




































































































































































	 S}'egQ[_h{\S!o o|[^]xrh{mS!xzf I rS!mS
o~x]|S!{cLZx»o|S
glmfxrot[_S!jAlmS!Q}'S f1, . . . , fk ·  ]_Omhk[}
xr[_Sr³SdOmerRegrS
Qhi£!S/]_OmS!R+]_e











































































































	© ¬  ¯ r§>° 	
°	 
   (&	b"	$#d 8 	 "(
# -	$% ~&% (#-%¸ -	$ E'#%
  ]_Omhk[b[_S!}']_her¶LS=Q¹erlmomer]|xz]_herQ[hego|{mS



























f1, . . . , fk ∈ K[x1, . . . , xn]
xz{]|OmSh{\Saxzf
I =
〈f1, . . . , fk〉
gS




















dk+1 = · · · = dn = 1
·Ev¶S']
D = (d1 + · · · + dn)/n
·
	 Sb{\SmS T ]_OQS³]|ez]~xzfm[_hi£!SerQ]|OmShimyQl\]EyegfiZLmegRhxrf[!rxr[&]|OmSb[^lQR ez]_OmS!hioE[_hi£!S![-h]|OmS r°
	
°|° ® _°	





































Sr· 	 S{\S!mez]|Sxrf[_ecLZ T ]_OmS/Rx¹\hRlmR ez T xrQ{ Dn ·v4S']lQ[o_Sa}
xzff]|OmS»{\Smh]|hieg ez]_OmS r° |°|°_°	°7	
°¯i°_±g© «~¬ &~®
\© «¬ g°©z{\S!mez]|S!{ cLZ ≺ eg]|OmSRermegR`hkxzfk[ez



















m ≺ m′ hibxzQ{ egmfiZh$S
hi]_OQS
o deg(m) < deg(m′) ero deg(m) = deg(m′)xrQ{8]_OmS!o_SS
¹\h[^]|[





j = i + 1, . . . , n + 1
·-NOLlQ[





 ¿LÃ  ¿  a®r®Q¬	
°»ª%zª
I
©	  a°_¬# © ­°2	© ¬ z¯© r° ¯©
K[x1, . . . , xn]  m°8ªm° _°()Q«~° 0 g§°§##	©	¬
I  © ª _°	G®Q°~«'ªªÆ¬) Q²/¬ g°©­ ²§~°b«~¬z­b®"\ª °7  © ª\© /§'© ª4«~¬­J®>¯°_±g© ªG²
 \© « ©	®m¬z¯ ² >¬z­d© z¯&© T ¬ |°|¬ ¥°"!&ªm°J°'¯i°
­°ª 	$¬ªQ° _°7#Q«~°7 r§>°b§ 	©	$¬ 
I  © ª(_°	G®Q°~«'ª¸ªÆ¬ªm° g°#!_°~° _°	°7	
°¯°_±g© «~¬$!&~®
L© «¬ r°©% '&°  r°!_°~° zªp­¬	ª




f1, . . . , fk
hi]|OmSbo|him
R = K[x1, . . . , xn]
hk[p}!xzffiSa{`x





R/〈f1, . . . , fi−1〉
¡ego





ferQ]_exzLZ`xr[|[^e\}'hkx]|S!{dymo|hiRS$ez 〈f1, . . . , fi−1〉 ·	 S[_x¥Zt]_OQxz]&]|OmSµ¥xro_hkxzcQfiSa[ xk+1, . . . , xn xzo|Sph'A°>°© «®Q¬	© ª:© ¬ ¡ero I = 〈f1, . . . , fk〉 hiQ]_OQS³hk{\S!xrf[
I +〈xk+1, . . . , xn〉
ez




i=1 Ak+1,ixi, . . . , An,0 +
∑n
i=1 An,ixi〉er





























  Ãa¿ z 4 ¿   a®g®m¬#	
°ª%zª
f1, . . . , fk
©	 (_°\¯  	
°7&Q°>«~°  »ª'ª
xk+1, . . . , xn
 _°©
A°>°© «®Q¬	© ªG© ¬  '¬ 
I ' m° ªm° _°7#Q«~°7   r§>°t§ 	©	t¬ I  © ª _°	G®m°~«
ª-ª ¬ªQ°=g° _°~° _°	¥°7	
°¯°_±g© «~¬$!&~®
L© «¬ r°©% ­ ²§~°`«|¬z­b®"\ª °7  © ª\© §
© ª$«|¬z­b®¯i°|±r© ªG²  \© « ©	®m¬z¯ ² >¬z­d© z¯&© T 
  ÃpÃ 	 	 Ã   
 r°ªQ° \²|®m¬zªQ°	
°	t¬   ¬ 
°~«
ª%|°  !¶ªm°t°'¯i°
­°ª 	b¬ªm° _°7#Q«~°7  r§()°/§ 	©	¬
I  © ª_°	G®Q°~«'ªEªÆ¬`ªm° g° _°~°|°
°7	
°¯i°_±g© «~¬ &~®
\© «d¬ r°©%%&°  r° |°|° ªE­¬	ª

















RxrhiQ[c>erlm{\S!{cLZ x`y>erfZAQerRhxrf¸hi T · 
D ≥ 2 r]|OmS









  Ã  Ã -+- \ À  
D ≥ 2   " ©    ¬ 	
°~«'ª _°  ©	ª+Q° !³ªm°  © ª\­°
ª:© ««|¬z­b®¯i°|±r© ªG²¬§|¬zª® _¬r§
¯i°
­X©	J®m¬z¯ ² >¬z­d© z¯E©
kDn
 "ªQ°»§'© ª«|¬z­b®¯i°|±r© ªG²0©	b®Q¬¯ ² ¬­`© ¯E©
hkDn
!  Q°_° h ©	(§~¬»¬ /ªQ° 	©! a°`¬/©z®\ª«~¬a° «




  Ã  Ã -+- \ À    ¬® _¬&°  Q°~¬ _°
­  !   ¬ 	
°|«
ª _°    _¬~®m¬#	© ª:© ¬   ¬ >°J­(z² 	a®r®Q¬	
°






















  ÃpÃ 	 	 Ã     a®r®Q¬	
°ª'ª
K
©	b©  © ª °   ¬  i = 2, . . . , n ¯°'ª gi = fi +ai,i+1fi+1 + . . .+
ai,kfk  m°_° ai,j ∈ K   ¬ ¯ ­¬	ª z¯ ¯«7m¬z© «|°	¬ Jªm° ai,j ªm°=	
°7&Q°>«~° f1, g2, . . . , gn ©	 _°\¯   
deg(gi) = deg(fi) 




NOQSer]_OmS!obxr[|[^S!o^]|hieghk[$ymo|eµrSa{»h * "/xzy    /4ego* Å,5#/G·

  Ã  Ã -+- \ À $#% 
k ≥ n !  °B­(z² 	a®r®Q¬	
°  © ªm¬\ª ¯¬	ª0¬  g°>°&z¯ © ª:² ª'ªªm° 	
°7&Q°>«~°
f1, . . . , fn
©	 _°\¯  
$E
  ¬z­b®¯i°_±g© ªG² ¬-°_¬z© ­°
	© ¬  ¯ r§>° 	
°	 



























f1, . . . , fmin{k,n}
$OQh}~O0$hfif¸c>S{\S
Qez]_Sa{cAZ
f1, . . . , fk
cLZxz0xzcQlQ[^Sermer]|xz]_her¶·












¡ego]_Omhk[$cQxg}~´»[^lQcQ[s]|h]|l\]_her  nEo_egyeA[^hi]_herDm· 1a¢'·
	 SpOmegRerrS!mh£
S Qo~[^]4]_OQS fi ·&NOmhk[4RSaxzQ[¶]_OQxz]&Sphg]|o_e\{\l}'SpxJmS






0 fi(x1/x0, . . . , xn/x0) ∈ K[x0, . . . , xn]
·-NOmS!


























µxzQ{0Å³Omhk[s]|eµ'* Å,.#/ ÅxzmLZ'* ÅxzQg/Gmv&xz´\[_OmRxz6* v4xr´\r;/4xz{







Ã !m	 Ã #   Q°®Q¬¯ ² ¬­`© ¯ 	 f1, . . . , fk ∈ K[x1, . . . , xn]  _°B¬  |°	G®Q°|«
ªG© ¥°¦ªÆ¬ª ¯ g°#!_°~°
d1, . . . , dk 
	 °~« ¯ ¯¸ª%zªEªQ° g§|¬ ¥°_°7#Q«
ª:© ¬  ¯ ¯i¬  	/ª ¬	a®g®m¬#	'°ª'ª d2 ≥ · · · ≥ dk ≥ d1 ≥ 2   
k < n  °0	
°
ª dk+1 = · · · = dn = 1  4°
ª D = (d1 + · · · + dn)/n  °¬ªÆ°§'² Fi ªm° Q¬­¬$A°()©! a° /®Q¬¯ ² ¬­`© ¯¬
fi  © ª _°	G®m°~«
ª³ªÆ¬  >°    © r§
¯i° x0  &°
ª s §~°  >°  ©g°'ªÆ°­d© ªÆ°  
Gi = (1 − s)Fi + sxdii
'¬   ²
i  °«~¬ 
	© g°`ªQ°© r° z¯ 	 I = 〈f1, . . . , fk〉 ! Ĩ = 〈F1, . . . , Fk〉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dim L = d  &°
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\¯ 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  # &°'ª
L = 〈P1, . . . , Pk〉 ⊂ K[x0, . . . , xn]  Q°|° P1, . . . , Pk 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   m° L ©	  δ ) _°\¯  /© r° ¯ 











R+\· er * ÅJ.#/ ·

  %4




















































































!ªm° ªQ°_° °_±g©	ª ¦­ ª ©±
M ′
©  ­`© ª >¬ ­ ¯





M ′ = UMV
!  L© «7­ ²§|°`«~¬­J®\ªÆ°7»©/®Q¬¯ ² ¬­`© ¯ª:© ­°d©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M  ªQ° 	©! a°¬ M ©	d§~¬#"r°7§'²»ªm°$®|¬-Q«'ªb¬ªQ°  \­§~°¬ © ª 	°Qª © °	§'²ªm°­(!±g© ­(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J ⊂ 〈P1, . . . , P`〉 ⊂ J : s∞
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= G′ + sQα+1G.
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JR̃′[s] : s∞|s=0 + 〈y1, . . . , yn−k+1〉
)
δ
 Q°|° R̃′ = K(A1,0, . . . , An−k+1,n)[x0, . . . , xn] 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H ∈ R̃′[s] [^l}~O]|OQx]







sα(P + sH) = P ′ + y1H
′ ∈ JR̃′[s] : s∞ + 〈y1〉.
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P ′1 + y1H
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1 = 0
· 	 S}'fkxzhR ]_OQxz] y1 h[x mer £
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(y1 + A0s)F ∈ J ′ + 〈s〉
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JR̃′[s] + 〈y1, . . . , yi−1〉
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: s∞|s=0 + 〈yi〉
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J : s∞|s=0 ⊂ R̃ = K[x0, . . . , xn]
©	
δ
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\¯    © ª δ = nD−n+1  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K(s)[x0, . . . , xn]
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(J ′ + 〈y1, . . . , yn−k+1〉)δ = R̃′δ
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L ⊂ R̃ = K[x0, . . . , xn]
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 m¬­¬g°>°~¬# 	© g°#z¯³¬ © ­°2	~© ¬ 
1 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δ
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R̃′ = K(A0, . . . , An)[x0, . . . , xn]
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(L : x0)δ = Lδ + (〈(L : x0)δ−1〉)δ .
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i = 1, . . . , d = dim L
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Pi ∈ L : x0
·NOQh[hRymfihS![t]|OQx]
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L ⊂ R̃ = K[x0, . . . , xn]
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°7&Q°>«~°  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δ = nD − n + 1 ¬  ªm°© r° 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­(z² §~° g¬ >°d© 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 	©! a°d§~¬#"r°7§
²  ®Q¬¯² >¬­`© ¯© T 







































n < r ≤ T 2.5 cLZ v¶S!RRx Q· der* Jv&g;/ \]_OQS[^h£









I = 〈f1, . . . , fk〉 ⊂ K[x1, . . . , xn]
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K[x1, . . . , xn]   ¯ ©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¦gS
mS!o_hk}yeA[^hi]_her '¬ 
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K(A0, . . . , An)[x1, . . . , xn]
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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 0	'°7&(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o|h}yeA[^hi]_herD'¬  I ©  yi ©	`©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I + 〈y1, . . . , yi−1〉
'¬ 




























































f1, . . . , fk
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R = K[x1, . . . , xn]    K ©	©  Q© ªÆ°
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I + 〈y1, . . . , yi〉 ⊂ R
xrQ{ ]_Ox]er
I + 〈Y1, . . . , Yi〉 ⊂
K(A1,0, . . . , Ai,n)[x1, . . . , xn]
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I + 〈y1, . . . , yi〉
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R = K[x1, . . . , xn]
! 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 " k < n  4°
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 	/¯ ©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¯ 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R̃/(Ĩ : x∞0 ) 




















n− k + 1  [_S
S* 4mo|g (/4y¶· 1ar¡ero$S
¹\xrRymfiS¥¢·
NOmS hQ}'flQ[_hieg > ⊃ @ez]|OmS [^Sa}'egQ{ hi]_S
R hk[hiRRS!{mhxz]_S ¡o_egR ]|OmS {\Smh]|hieg er]_OmS mez]~x¼]|hieg¶·XNOmS!o_S
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a®r®Q¬	
°ª%ª f1, . . . , fk ©	) _°5\¯   	'°7&(Q°«~°) ª'ªªm°	
°7&(Q°«|°
xk+1, . . . ,
xn
©	/© A°°© «b®Q¬	© ª:© ¬ 0'¬ 
I   m° xk+1, . . . , xn, x0 ©	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\¯  	





















i ≥ 2 xrQ{[_lmymy>eg[_S/]_OQxz]b]_OQSdxr[|[_S
o_]_herQ[bxro_S]|o_lQS/¡ero
i − 1 ·bNOLlQ[J]_OmSo_S!rlmfkxzo|h]sZ ez-]_OQSd[_S!jAlmS





(Ĩ + 〈xk+1, . . . , xi−1〉) : x∞0
=
R̃
Ĩ : x∞0 + 〈xk+1, . . . , xi−1〉
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mer]_Sa{ cLZ ≺ ¶h R̃ = K[x1, . . . , xn+1] $h]|O xn+1 = x0 h[/{\S(QmSa{eg RerQerRhxrf[erE]_OQS`[|xzRSd{mS
ro|S
SdcLZ
xα11 · · ·x
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P ∈ R̃ EfiS




h]_OmS¡egfife$hm]|OQx]$]|OmS/o|eb[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Ĩ : x∞0
©ªm° g°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 "d¯i°'ª
xk+1, . . . , xn
§|°© A°°© «p®Q¬	© ªG© ¬  '¬ 
I    P1, . . . , Pt 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²ªQ°t«~¬z¯ 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I = Ĩ : x∞0 |x0=1  © ª _°	G®m°~«
ª³ªÆ¬ ≺   Ã¶Ã! v4S']


























G = {P1, . . . , Pt}
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F − F ′ c>S
ferQg[$]|e 〈xi+1, . . . , xn+1〉 cLZ0{mSQmhi]_herer]_OmSdero~{\S
o|hm






R̃/(I ′ + 〈xi+1, . . . , xn+1〉)
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P ∈ I ′ [^lQ}~O]|OQx] F ′/xi−P ∈
〈xi+1, . . . , xn+1〉
·uJ[!AcAZ`xr[|[^lQR`ym]_her¶
xi+1, . . . , xn+1
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xzymy>S!xrohi
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deg(F ) − 1 ·/½ZhiQ{mlQ}]|hieger deg(F ) ]|Omh[hRymfhiSa[b]|OQx] in(F ) h[Rdlmfi]_hymfiS/er
in(F ′′)
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Zv¶S
RRx 1r· er * ½$T , -/]_OQh[
yQo_eµgS![








m = F ′ +
xk+1Hk+1 + · · ·+ xn+1Hn+1
$hi]_O
F ′ ∈ I ′ xzQ{ Hi ∈ R̃ ¡erobxrAZ i ·NOmhk[$hiRymfhS![]_Ox] m hk[]_OmSfS!xg{\hm]_S!o_R+ez
F ′
cLZ ]_OmSd{\SQQh]|hiegez ≺ xzQ{ F h[Jo_Sa{\lQ}
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J ′ : x∞0
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d2 ≥ · · · ≥ dk ≥ d1 ≥ 2
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L ⊂ R̃ = K[x0, . . . , xn]
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1  \© «  ©	
δ
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5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5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L ⊂ R̃ = K[x0, . . . , xn]
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((L + 〈P1, . . . , P`〉) : x∞0 )δ+d = (L + 〈P1, . . . , P`〉)δ+d .
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I = 〈f1, . . . , fk〉
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in(f) ∈ R cS»]_OmS himhi]_hkxzf¡go_Sax]_Sa[s]¢RermegR`hkxzfpezbxy>erfZLmerRhkxzf
f ∈ R $hi]_O0o|S![_ySa}]]_e]|OmS/ero~{\S!o_hm < xzQ{
in(I) = {in(f) | f ∈ I}.
EFEHG#I2JKKL
r  #	 Q°'­`© ;  
  ÃpÃ 	 	 Ã    &°'ª
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d1 · · · dn ≤ Dn
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K[x1, . . . , xn]
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d1, . . . , dn
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K[x1, . . . , xn]
C
A = {xd11 − x2, xd22 − x3, . . . , x
dn−1
n−1 − xn, xdnn }
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B = {xd1···dn1 , x2 − xd11 , x3 − xd1d21 , . . . , xn−1 − x
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deg(I, <lex) = d1 · · · dn
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di = deg(fi)
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(n − 1)  S
 (I) + 1 ≤ (n − 1)Dn + 1.





m /∈ in(I) ·  ]bhk[$Saxr[_Z]_e[_S
S]_Ox] |B| + |G| h[$fS![|[]_OxzegoS!jAlQxzf]|e]_OmS/LlmRdcS!o$ez]_OmS/S!fiS!RS
A]|[er&]|OmS/[^S
]














hiRymfhiSa[]_Ox] |B| =  S
 (I)  nEo|ery>eg[_h]|hieg   erbÅ³OQxry\]_S!o\   0ez * Åv 8  (/ ¢'·NOLlQ[ |G| ≤
(n − 1)  S! (I) + 1 $Omhk}~O0h[fS![|[]_Oxz (n − 1)Dn + 1 cLZw$S!Rxro_´\· 
  	$	-	$#	$%




m]|OQ[!·±gªÆ°© ¬  © J°_°QªG© ¯ 	~²	ªÆ°'­0	zµregfilQR`S 1;,Jer ªm°
­ ªG© «#z¯  «'© °>«~°	 	 °	'°  _«  
	ª:© ª \ªÆ° Q§
¯ © « ªG© ¬ 2	~·TLymo|himgS
o_¼  S!o_fkxz JS
 UEero|´> 1ar21r·
* ½$5/  [|xzc>S
f/½S
o|RSsqse8xrQ{ npOmhifhymyS¨hRS










Q[|x]|£r·  '  ¬  ª   1arQ A¢C   !¤\r
1g
1!., L·





¼ o_S!rlmfkxzo|h]sZg·   ¥°Qª  ª  , m1a¢C!1'¤1.1r1!5, L·
* Åxzr#/ gerOm3ÅxrmLZr· S
mS!o|xrfihk[^Sa{ }~OQxzo~xr}']_S









ª   zª  >   :g¢C 1- !¤1¥rmgzg5m·
* Åv 8  ;/  x¥µLh{Å³e¥¹
gerOQdv¶hi]^]|fiSgrxz{  erQxrf 8  TLOmSaxm·  g° ¯ 	"!   © °












* Åv 8 .,#/  x¥µLh{¨Å³e¥¹¸gerOm v4h]_]_fSr-xzQ{  erQxrf 8  T\OmS!xQ· 
 	©% ¯ g°a§#© « g°~¬z­°
ª+²-µgerflmRS




5,  #	 Q°'­`© ;  















* ³ ,   /  x¥µLh{ ph[_S
LcmlQ{dxzQ{`TLOmho_eez]_e·Av4hiQS!xzo4¡o_S!S³o|S![_erfl\]|hiegQ[4xrQ{/RhiQhiRxzfARlQf]|hiymfhk}'hi]sZr·







·       !      _°	7	~QyQxzgS![ z¥¤ ,5QLrrA\·
* 4&v&V5/ ·³Åt· 4xzlmgP





o|hiQQ·    ²­§~¬z¯ © «   ¬­J®\ª  1aQ   ¢C gr¥¤      21!g5Q·
* 4mo|g ;/ wbxrf 4Qo_gcS!o_·   ©ª+_¬;#Q«
ªG© ¬ 0ª ¬  g§°/§ 	
°	·¶nplmo_StxzQ{»uJymymfhiSa{»Vxz]_OmS!Rxz]_hk}
[ bS
UEero|´m¢· gerOQ 	 hfiS!Z TLerQ[$v¶]|{¸·>Å³Omhk}~OmSa[s]|S
oa 1!r L·




·   _ ·      ) )   &! )  )   &!   ®>·v¶S
QhimgS
o~xr{¸ 1a5,.m·
* Jv&g#/ uJR`ho txr[_OmS
Rhxz{  xzmhS






1g  Jw  u24mS!cmo_lxzo|Z zgg\·





µLhk[^Sa{Sa{\hi]_her¶ 1a    ·





Q[_hiegQxzfQh{\SaxzfG·   |¬!«  ¬  *      ²­J®m¬#	~©\­ ¬   m°~¬ ²¬ «~¬­J®\ªG©%       \yQxrrS![bgr¥¤\z.m· 1!rgm·
* v4xr´\






[^herQxrf4hk{\S!xrf[!·   J°~«'ªG© °­°'ªm¬;	© ¯ A°a§&z© «
A°~¬­°'ª ²    	ªG© z¯© ¬ >«~°
¯ ¯i¬ !    µgerflmRS    er  _¬    ª  yQxrrS![0r !¤m   ·½ho_´LO
	rlQ[^S!o$½³eA[s]|er¶m½eA[s]|er¶\Vu 1!g
1r·
* v4xr£-,21/  xzmhS
f¶v&xz£axzo~{¸·&w a[^egfilm]_her {mS![[^Z\[^]_P!R`Sa[{" ajAlQx]|hiegQ[xzf!
cQo_hkjAlmS![!·  m°~¬ _°'ª    ¬­)®"\ª   «'©  F1am 1a¢C  !¤1.1!Q
1!.,
1r·






cmo~xzhk}S!jAlQxz]_herQ[!·     ¬z­b®"\ª °)z¯ g°a§&  4¬ r¬  !      \µgerflmRS 1!ger 4°~«
ª%_° d¬ªÆ°	/©   ¬z­b®"\ª   «'©  yQxzgS![1   ¥¤1¥zQ·ATLymo|hmrS!o!m½S
o|fhi¶ 1a5,.m·
* v4v&
1(/ U`··³v4xr´\[^OmRxr xrQ{  xrmhS






R[!·   J°~«'ªG© °­°
ªQ¬-#	»© z¯ g°a§&© « A°~¬­°'ª ²    	ªG© z¯ © ¬ >«~°
¯ ¯i¬ !







	© ¬  ¯ r§>° 	
°	 r




N&S!}~OmQh}!xzf¶w$S!yego^]Jwbw$¼Æ5grm  tw  u 8 }]|erc>S
obzgg\·
* Vxz] ,r/ Jh{\S!ZLlm´LhpVx]~[^lQRlmo~xm·   ¬­`­0\ª ªG© ¥° ©%ªQ°~¬ ²µrerflmRS , er   z­§© 	A°  ª 2#)
© °	`©  &  «|°7  ªm°
­ ªG© «	·`ÅxrRcmo|h{mrS JmhiµgS
o~[^hi]sZ0nEo|S![|[
4ÅxzRdcmo|h{\gSr[^Sa}'egQ{Sa{\h]|hieg¶ 1a5,rQ·N&o~xzQ[_fxz]_Sa{¡o|erR ]|OmS AxzyQxrmS![_StcLZV¨·Qw$S
hk{¸·
* VlmRg#/  x¥µLh{0VlmR`¡ego|{¸· &°|«









S']_eg¶ · ·i 1!rgm·
* tlmhk   /  xzmhS
f tlmhiffS
¶·  ¬ ­(z¯-®|¬|®Q°ªG© °	¬¬ ¥°g°'ªÆ°­`©>°7 	~²	ªÆ°'­0	0¬ ¯ ©>°  `®' ªG© ¯°7&('ªG© ¬ 
	·nEO  ]_OQS![_h[!2Jxro_µxro|{ bmhµrS!o|[_h]sZg 1!g   ·
* TA]|egr/ uJo_mSTA]_ego qsegOQxzm4·  ¯ g¬ © ª\­ 	 '¬   ª ©±    >¬ Q© « ¯  ¬ ­0	~·0nEO  ]|OmS![_hk[
TL$hk[_[4QS!{\S!o|xrf  Q[s]|h]|l\]_SezN&S!}~OQmerfergZrmzgrm·




·    ²­§|¬z¯ © «   ¬­J®\ª  >z A¢C zr¤\5,rm21!rA\·








Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
